Introduction
Systems with an elastic-plastic behaviour may show different responses under cyclic loading, depending on the magnitude of the applied loads. Sometimes, they might develop plastic deformations at the early stages, which cease after some loading cycles, in a way that the response is no longer dissipative, and each subsequent cycle is purely elastic. This event commonly goes under the name of shakedown. The knowledge of the limit load under which shakedown occurs is an issue of fundamental importance in mechanics and limit analysis provides the two main theorems which are commonly used to calculate this limit in elastic-perfectly plastic solids. In particular, the lower-bound theorem, also known as Melan's theorem, follows a static approach, based on the existence of a residual self-equilibrated stress state, which provides both a necessary and sufficient condition for the shakedown (Melan, 1936) .
When systems with parts in mutual contact are subjected to cyclic loading, frictional slips may occur along the interfaces, leading to the well-known phenomenon of fretting fatigue. However, if the interfaces are conforming, that is, the contact is complete, it is possible that the system, after some loading cycles, reaches a state where slip is inhibited . It is evident that this behaviour shares many similarities with the response in elastic-plastic solids, if frictional slip is thought of as being analogous to plastic strain (see, for instance, Carpinteri and Scavia, 1993; . The situation of adhered contact interfaces, after some cycles where slip has occurred, exhibit the same behaviour as elastic-plastic systems that have reverted to an elastic response after plastic flow has occurred.
These remarks have prompted the question as to whether a theorem analogous to Melan's could be developed for frictional contacts. Such a theorem shall establish a sufficient condition for shakedown on the existence of a residual displacement distribution that would prevent slip at all times during load cycles. Regretfully, the non-associative nature of the friction law prevents the limit analysis theorems to be applied directly (Drucker, 1954) . In the field of plasticity, shakedown analysis has been extended beyond the limits of standard materials in order to include friction type material laws. This prompted scholars to focus on the implications of a non-associated flow rule (see, for instance, Maier, 1969; Pycko and Maier, 1995) , and a different formulation of the lower and upper bound theorems for the shakedown limit load was obtained. A new approach in shakedown analysis for a general non-standard material law has been recently proposed by Bousshine et al. (2003) , grounded on the so-called bi-potential theory. Shakedown of systems with boundary contact conditions has also been considered, for instance, in Telega (1995) and Polizzotto (1997) .
Shakedown of frictional systems with elastic behaviour has been investigated recently by Ahn et al. (2008) and Flicek et al. (2015) . An analogous of Melan's theorem has been proved for discrete contact problems (Klarbring et al., 2007) and for continuum problems , thanks to the following fundamental remark: when normal reactions on the slip surface can can be regarded as defined from equilibrium alone, the normality rule applies on the tangential plane and thus the flow rule is associated (Michalowski and Mroz, 1978) . Therefore, introducing the hyphotesis of uncoupled contact, we are assuming the distribution of normal contact reactions not influenced by relative tangential contact displacements, thus making the problem associated.
To the authors best knowledge, the issue of the shakedown with respect to plasticity and friction has attracted no attention. In the present paper, the case of a discrete system with elastic-plastic behaviour and frictional interfaces is considered, with the aim of proving that an analogous theorem to Melan's still holds if the contact is uncoupled.
Formulation
We consider a system which is discretized, e.g. by means of the finite element method, such that we can define a vector of nodal displacements u and a vector of given external nodal forces F . Let ε be the vector which collects strains (ε ij ) k at integration points of the discretized system. These strains, under the assumption of small displacements, are connected to the nodal displacements by means of a strain-displacement matrix B. Then we can write ε = Bu
If we assume an elastic-plastic material behaviour, strains are decomposed into an elastic and a plastic part, and a vector σ of stresses at the integration points is defined such that ε = e + p (2)
where E is the elasticity matrix. Let us now assume that the system features complete contact interfaces. We can collect the contact displacements, which are relative displacements in case of two-body contact, in a vector w, whose components are expressed in a local coordinate system, aligned in normal and tangential contact directions. Then we introduce a transformation matrix C such that
At contact nodes we can also collect the contact reaction forces in a vector r, where r = κw, with κ being the contact stiffness matrix. This matrix is obtained from the global stiffness matrix K using the transformation matrix
The global stiffness matrix is obtained as
where D = V B with V being a diagonal matrix containing the volume associated to each integration point of finite elements. The global equilibrium of the system is described by the equation
2.1. The yield condition To state the yield condition of the elastic-plastic system, we need to introduce a convex yield function and an associated flow rule. On an individual integration point k we can write
where σ k is the vector of total stresses on the k th integration point. The associated nature of the flow rule ensures that Drucker's stability postulate applies and the time derivative of the plastic strainṗ k is governed by
where σ * k is any stress vector at the k th integration point corresponding to a state inside the elastic domain.
The friction law
To state the conditions of the friction law, let us consider the separation interface of two bodies, A and B. We define with u A and u B the displacement vectors and denote with n A and n B the inward unit vectors normal to the interfaces. We may express the normal and tangential components of contact relative displacements as
where a central dot indicates the standard scalar product of geometric vectors and
. According to this notation, a normal relative displacement is positive when it opens a gap, therefore the non-penetration condition will be written w n ≥ 0. In case one of the bodies is rigid, we can assume u B = 0. On each node i, we may write n A i = −n B i = n i and therefore we have
Similarly, we decompose the contact reaction forces in normal and tangential components as
The following equations set the conditions of Coulomb friction law
where µ i is the coefficient of friction at node i and a superposed dot denotes time derivative. This law specifies when and how slip takes place: slip is zero when contact forces belong to an admissible set, the so called Coulomb cone of friction, and it otherwise opposes the tangential force. Moreover, we are considering a system with known contact interfaces, therefore w in = 0. In such a case, the hyphothesis of normal-tangential uncoupling has an evident consequence on the contact stress state. Indeed, we say that the contact is uncoupled if, for a displacement w with w in = 0 for all i, it holds that r = κw is such that r in = 0.
Residual state
Let us define the residual state of the system, denoted by index R, that is, when the external loads are removed, F =0, keeping p and w fixed. The response of the system is described by means of the following equations
where u R is the displacement vector and r R and σ R are the contact reactions and residual stress vectors. Equation (18) describes the global equilibrium in this state. We can note that compatibility requires the strain vector in (14) to be the sum of an elastic component and a plastic component. Combining equations (14) - (18) with (6) and (5), we are able to express the residual vectors as a function of w and p
Reintroducing the external loads, we obtain an elastic process, denoted by index E, which can be simply added to the residual state, so that the response of the system is described by means of the following equations
The elastic part of the strain vector is e = e R + e E , so by (3), (16) and (23) we have
Notice that the residual state of equations (14-20) is not required to satisfy the frictional inequalities, since the external loads are never actually removed. Only the combined state of equations (21-28) is required to satisfy these conditions.
Shakedown
The elastic-plastic system with frictional contact interfaces under consideration is submitted to cyclic loading with period T , such that an initial transient stage is followed by a cyclic stage. We define a steady state by assuming that, at a certain time instant t, the stress state of the system becomes a periodic function with period equal to that of the external loading, that is, σ(t) = σ(t + T ) and r(t) = r(t + T ). In order to investigate the response of such a system and outline the conditions for the shakedown, we initially analyze separately the shakedown with respect to plasticity alone and the shakedown of the frictional contact. We also note that the first case originates if we consider the contact interface to be permanently welded, while the latter is made possible by assuming perfectly elastic response of the material.
Shakedown in plasticity
In an elastic-plastic system, the steady state cycle might be characterized by plastic strain, whose increment in the load cycle T is defined as ∆p = (ii)ṗ = 0, ∆p = 0. Alternating plasticity. Plastic strain of opposite sign sums up so that the plastic increment is null but energy is dissipated at each cycle; (iii)ṗ = 0. Shakedown. Plastic strain ceases after the initial transient stage and no energy is dissipated in the steady state.
According to (iii), the system will have reached a state of shakedown if, at any time after the initial transient stage,ṗ = 0, i.e., no plastic flow occurs, in any integration point of the discretized system. Using the theorems of limit analysis, specifically Melan's static theorem, we can investigate this occurrence.
Let us consider the elastic response to external loading described by the vector of time varying stresses σ E (t), which satisfies the equation of equilibrium. According to Melan's theorem, a necessary and sufficient condition for adaptation is the existence of a residual time-independent stress stateσ R such that, for all times,σ =σ R +σ E satisfies the yield condition f k (σ k ) ≤ 0.
An evident advantage of Melan's theorem is that the actual time-dependent elastic-plastic stress in the body does not have to be determined. The elastic solution is superimposed on a self-equilibrated stress distribution which may differ from the actual distribution due to the particular initial load path, as long as the resulting stress state is admissible with respect to yielding.
Shakedown in frictional contacts
In a system with a complete contact interface, the steady state cycle might be characterized by frictional slips and therefore, in the load cycle T , the cumulated tangential displacement is defined as
Three fundamental situations can be distinguished, as shown in figure 1(b):
(i) ∆w t = 0. Walking. Each loading cycle produces slips, therefore we will have a net cumulated displacement leading to a rigid body motion (Mugadu et al., 2004) ;
(ii)ẇ t = 0, ∆w t = 0. Cyclic slip. Slips of opposite sign occur but the cumulated displacement is zero;
(iii)ẇ t = 0. Shakedown. Slips cease after the initial transient stage and no energy is dissipated in the steady state.
According to (iii), the system will have reached a state of shakedown if, at any time after the initial transient stage,ẇ t = 0, i.e., no frictional slip occurs and all contact nodes remain in a state of stick. Following a static formulation analogous to Melan's theorem, a necessary condition for frictional shakedown has been established (Klarbring et al., 2007) . It has been proved that this condition is also sufficient if and only if the contact is uncoupled.
Let us consider the contact response to external loading described by the vector of time varying contact reaction forces r E . According to the frictional shakedown theorem, a necessary and sufficient condition for adaptation is the existence of a time-independent vectorw such that, for all times,r = r R +r E satisfies Coulomb slip condition |r it | ≤ µ irin .
Shakedown with plasticity and friction
We now consider the shakedown combining both friction and plasticity. Therefore, in a steady state cycle, the two following conditions shall be satisfiedṗ = 0,ẇ = 0
According to the previous statement, an elastic-plastic frictional system will have reached a state of shakedown if, at any time after the initial transient stage, (i) no plastic flow and (ii) no frictional slip occurs. In this situation, two limit conditions must be satisfied, namely the yield condition in (8) and the limit condition defined by Coulomb friction law in (13a). Evidently, these conditions define two different limit surfaces, as the first refers to stresses in the integration points of the system, while the latter is expressed as a limit condition in terms of contact reaction forces on the nodes along the interface. Moreover, we also note that possibly only one of these conditions will be satisfied as an equality, while the other will be simply verified as a strict inequality. The occurrence of one rather than the other limit condition clearly depends on the coefficient of friction, on the yield stress of the material and on the features of the system, in terms of contact geometry and external load distribution.
Shakedown Theorem
Following the usual formulation of the static shakedown theorem, a necessary condition for shakedown in an elastic-plastic frictional system is the existence a residual time-independent state (σ R ,r R ) such that, for all times,
where the residual state is defined similarly to (19) and (20) . We refer to it as a safe residual state if the strict inequalities in the previous conditions are enforced.
Our purpose is to define a theorem which provides a sufficient condition for shakedown in a discrete system, using the notion of no elastic coupling between normal and tangential contact directions. Before giving its formulation, we provide a modified definition of shakedown by introducing the norm
which is a measure of the difference between the real residual state σ R and the safe residual stateσ R .
Theorem. Assume that there exists a safe residual state (σ R ,r R ) such that σ =σ R + σ E satisfies f k (σ k ) < 0 andr =r R + r E satisfies |r it | < µ irin . If the system has no elastic normal-tangential coupling, then the real residual state (σ R , r R ) will approach (σ R ,r R ) in the sense thatȦ < 0 wheneverṗ = 0 orẇ = 0.
Proof. The time derivative of the norm A is:
where we have used (16) and (21). From (1), (22) and (18) we geṫ
and, finally, using (4) and (24) the result iṡ
where the first term is non-positive since
from Drucker's principle (9), see figure 2(a). Ifṗ = 0, it is also strictly negative since the residual state is safe. Regarding the second term of (31), if there is no elastic normal-tangential coupling, both r i andr i belong to the circle of radius µr in = µr in formed by cutting the friction cone at the constant normal force level r in =r in . According to (13b),ẇ i = 0 is directed along the inward normal to the circle, therefore (r i − r i ) ·ẇ i is positive, as shown in figure 2 
Conclusions
The assessment of the condition of shakedown is an issue of great interest in mechanics. In Melan's static theorem, originally formulated in limit analysis of elastic-plastic systems with associated plasticity, the existence of a time-independent residual state gives a sufficient condition for the shakedown. A similar condition applies to elastic systems with frictional interfaces, with the fundamental limitation of normal-tangential uncoupling, in order to respect the associated nature of the flow rule. In this article, we give an exhaustive formulation of the shakedown in a system involving both friction and plasticity and formulate a theorem which provides a sufficient condition for adaptation in the system.
